Cosmological Dynamics of D-BIonic and DBI Scalar Field and Coincidence
  Problem of Dark Energy by Panpanich, Sirachak et al.
ar
X
iv
:1
70
3.
01
74
5v
1 
 [h
ep
-th
]  
6 M
ar 
20
17
Cosmological Dynamics of D-BIonic and DBI Scalar Field
and Coincidence Problem of Dark Energy
Sirachak Panpanich,1, ∗ Kei-ichi Maeda,1, † and Shuntaro Mizuno2, ‡
1Department of Physics, Waseda University, Okubo 3-4-1, Shinjuku, Tokyo 169-8555, Japan
2Waseda Institute for Advanced Study, Waseda University,
1-6-1 Nishi-Waseda, Shinjuku, Tokyo 169-8050, Japan
(Dated: April 27, 2018)
We study the cosmological dynamics of D-BIonic and DBI scalar field, which is coupled to matter
fluid. For the exponential potential and the exponential couplings, we find a new analytic scaling
solution yielding the accelerated expansion of the Universe. Since it is shown to be an attractor for
some range of the coupling parameters, the density parameter of matter fluid can be the observed
value, as in the coupled quintessence with a canonical scalar field. Contrary to the usual coupled
quintessence, where the value of matter couple giving observed density parameter is too large to
satisfy observational constraint from CMB, we show that the D-BIonic theory can give similar
solution with much smaller value of matter coupling. As a result, together with the fact that the
D-BIonic theory has a screening mechanism, the D-BIonic theory can solve the so-called coincidence
problem as well as the dark energy problem.
PACS numbers:
I. INTRODUCTION
After the discovery of accelerated expansion of the Uni-
verse [1, 2], one of the attempts to explain this mysterious
phenomenon is an introduction of a scalar field which is a
dynamical field rolling down on a potential. The model
is called a quintessence model [3]. This can be a solu-
tion to the dark energy problem by adding a new de-
gree of freedom to the Universe. In addition to the dark
energy problem, another mystery is the so-called coinci-
dence problem, which is why the amounts of dark energy
and matter fluid (including cold dark matter) are in the
same order of magnitude [4]. This problem indicates that
there might be some interaction between them. Thus,
the idea gives a new model called a coupled quintessence
model [5]. This model contains the original quintessence
mechanism but also gives a new solution called a scaling
solution. This scaling solution also provides not only the
accelerated expansion of the universe but also the density
parameter of matter fluid does not vanish. Since this scal-
ing solution is an attractor, it will be realised naturally
at the late time. As a result, this is one of the possible
ways to solve the coincidence problem at the same time
with the dark energy problem. However, the scaling so-
lution is difficult to be realised because it requires a large
coupling constant [5, 6].
In addition, there is another problem to introduce a
universal scalar field. Since a scalar field couples to mat-
ter fluid, this leads to a new interaction force between
them, the so-called fifth force [7], which has not been
detected until now [8]. In order to preserve a scalar
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field model coupled to matter fluid, there must be some
screening mechanism to hide a new force from the obser-
vations on the ground and solar-system experiments. The
screening mechanism means that the fifth force is sup-
pressed comparing to Newtonian force in a highly dense
region or close to a massive source, whereas it recovers
in a low density region or far from a gravitating source.
Namely, we recover general relativity (GR) or Newtonian
gravity at short distance from a massive source or in a
highly dense region just as in an astrophysical scale.
Three groups of the screening mechanisms have so far
been proposed. The first group is the screening by a
scalar field φ or its effective potential, which consists of
the chameleon mechanism [9–11], the symmetron mecha-
nism [12, 13], and the dilaton (Damour-Polyakov) mech-
anism [14, 15]. In the chameleon mechanism, mass of
a scalar field depends on matter density, then a scalar
field gets a large mass in a high density region such as
on the Earth. This leads to a short range interaction of
the fifth force. While in the symmetron mechanism or in
the dilaton mechanism, the coupling parameter between
a scalar field and matter fluid depends on the minimum
of the effective potential. In a high density region, for
example symmetron mechanism, the symmetry has not
broken. Then the minimum of the effective potential is at
zero value. As a result, the coupling parameter is equal
to zero. Herewith, the scalar field decouples from matter
fluid in highly density region.
The second group is the screening by the first-
derivative of a scalar field, ∂φ, or the kinetic term of
a scalar field, which includes the D-BIonic screening [16],
the kinetic screening P (X) [17, 18], and the k-Mouflage
mechanism [19]. In this group, the screening mechanism
works by domination of some non-linear term in the equa-
tion of motion of the scalar field. Since the equation of
motion consists of not only the linear term, which leads
to the inverse-square (r−2) fifth force, but also the non-
2linear term, which leads to a different form of the force,
there exists some typical distance below which the non-
linear term dominates, whereas at larger distance from
the source, the linear term becomes dominant. The fifth
force is then screened at short distance from the source.
This is analogous to the Vainshtein mechanism.
The last group is the screening by the second-derivative
of a scalar field, ∂∂φ, or the so-called Vainshtein mecha-
nism [20]. This mechanism is found in many models, for
example, the Galileon gravity [21], the Horndeski theory
[22–24], and also the massive gravity [25, 26]. In these
models, the Vainshtein mechanism works in the similar
way as we mentioned, namely, there exists some typical
distance called the Vainshtein radius, below which the
non-linear term is dominant. As a result, GR recovers at
a short distance.
Since a screening mechanism is important when we
have a scalar field, in order to explain the coincidence
problem as well as the dark energy problem, we study
cosmological behaviour of a coupled quintessence model,
in which a screening mechanism works. In this paper,
we focus on the D-BIonic screening mechanism. This
may have another advantage in realisation of a scaling
solution because there exists non-canonical kinetic term
which changes the dynamics of the scalar field. It is in-
teresting whether we find a scaling solution which sat-
isfies the observational constraints and becomes an at-
tractor or not. The D-BIonic theory can reduce to a
coupled quintessence model under non-relativistic limit
of the Lorentz factor (we will see clearly in the next sec-
tion). This is the same as the DBI theory considered as
a generalised quintessence model. In the DBI theory, we
find the accelerating universe even though the Lorentz
factor is much larger than unity [27, 28] that is why we
call it generalised quintessence. Here we will analyse uni-
fiedly both D-BIonic and DBI theories because those can
be described in the similar forms.
In Sec. II we show the basic equations for this work. In
Sec. III we find analytic solutions corresponding to two
solutions in a coupled scaling quintessence: One case such
that the potential term dominates and the other case
both potential and matter density terms do contribute
in the dynamics. We show stability analysis of these so-
lutions in Sec. IV, and comparing to the observational
data in Sec. V. Finally, Sec. VI is devoted to conclusions
and remarks.
II. BASIC EQUATIONS IN D-BIONIC AND DBI THEORIES
A. Field Equations in D-BIonic and DBI theories
We consider the following action
S =
∫
d4x
√−g
[
1
2
R− 1
f(φ)
√
1 + f(φ)(∂φ)2 +
1
f(φ)
− V (φ)
]
+
∫
d4xLm(A2(φ)gµν , ψm) , (2.1)
where a scalar field, φ, couples conformally to matter fluid, ψm, with a conformal factor A(φ). f(φ) and V (φ) are
an inverse D3-brane-like tension and a potential, respectively. We will use the units of κ2 = 8πG = 1. We use the
word “like” here because the DBI theory is in the Jordan frame in which the scalar field does not couple to matter.
Therefore, the action we are considering here is just an action contained non-canonical kinetic term or the DBI-like
action.
Varying the action (2.1) with respect to the metric and the scalar field, we obtain the field equations as follows:
Rµν − 1
2
gµνR = T
(m)
µν + T
(φ)
µν , (2.2)
φ+
f,φ
f2
[
1 + f(∂φ)2
]− f,φ
2f
(∂φ)2 − 1
2[1 + f(∂φ)2]
[
f,φ(∂φ)
4 + f∇µ(∂φ)2∇µφ
]
−
(
f,φ
f2
+ V,φ
)√
1 + f(∂φ)2 = −A,φ
A
T (m)
√
1 + f(∂φ)2 , (2.3)
where the symbol ,φ ≡ d/dφ and T (m) = T (m)µµ . The energy-momentum tensor of the scalar field is given by
T (φ)µν ≡
∂µφ∂νφ√
1 + f(∂φ)2
− gµν
[
f−1
√
1 + f(∂φ)2 − f−1 + V
]
. (2.4)
It gives the DBI theory for f(φ) > 0, while when f(φ) < 0, it yields D-BIonic theory.
3We assume that the conformal factor is given by the
exponential form:
A(φ) = egφ ,
where g is a coupling constant.
According to the original D-BIonic theory [16], the in-
verse D3-brane-like tension is a negative constant, i.e.,
f(φ) = −Λ−4, where Λ is a characteristic mass scale,
thus f,φ = 0. The equation for the scalar field is simpli-
fied as
∇µ
(
∇µφ√
1− Λ−4(∂φ)2
)
− V,φ = −gT (m). (2.5)
This is the same equation of motion as Eq. (A2) except
the potential term. The potential is necessary for study-
ing cosmology as we will see in Sec. III
Eq. (2.5) obviously consists of a linear term and a non-
linear term, then there must be a characteristic radius
analogous to the Vainshtein radius. Below this radius,
we find a screening mechanism, which is called D-BIonic
screening [16].
B. Basic Equations for Coupled D-BIonic and DBI
Cosmology
In order to study the evolution of the Universe, we
assume that the scalar field is homogeneous, namely
φ = φ(t) and the spacetime is described by the flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric:
ds2 = −dt2 + a2(t)dx2 .
Consequently, Eq. (2.3) becomes
φ¨+
3Hφ˙
γ2
+
V,φ
γ3
+
f,φ
f
(γ + 2)(γ − 1)
2γ(γ + 1)
φ˙2 =
g
γ3
T (m) , (2.6)
where we introduce the “Lorentz factor” as
γ ≡ 1√
1− f(φ)φ˙2
. (2.7)
In the standard DBI theory (f(φ) > 0), γ takes the values
from 1 to ∞, while in the D-BIonic theory (f(φ) < 0), γ
is limited in the range of (0, 1) instead. From Eq. (2.6),
in the limit of γ = 1 (|f(φ)|φ˙2 ≪ 1), it obviously becomes
the equation of motion for the coupled quintessence
model. We then find the both limits of the Lorentz factor
as
γDBI =
{
∞ : when f(φ)φ˙2 ≃ 1 (relativistic limit)
1 : the coupled quintessence
γD-BIonic =


1 : the coupled quintessence
0 : when − f(φ)φ˙2 ≫ 1
(“anti”-relativistic limit)
Therefore, the DBI-like action (2.1) is generalisation of
the coupled quintessence model.
From Eq. (2.4), the pressure and the energy density of
the scalar field are given by
ρφ =
γ2
γ + 1
φ˙2 + V (φ) ,
Pφ =
γ
γ + 1
φ˙2 − V (φ) .
Subsequently, the Friedmann equation is given by
H2 =
1
3
(
γ2
γ + 1
φ˙2 + V (φ) + ρm
)
, (2.8)
where H = a˙/a. ρm is the total matter density (non-
relativistic matter + radiation), which we combine just
for simplicity in our description.
Since the scalar field couples to matter fluid, this leads
to modification on the energy equation. Namely, neither
the scalar field energy nor matter fluid energy is con-
served (however the total energy is of course conserved).
For conformally coupled case, we obtain
∇µT (m)µν =
A,φ
A
T (m)∇νφ .
According to the equation of state (EOS) for the matter
fluid, Pm = wρm, the energy equation of matter density
becomes
ρ˙m + 3H(1 + w)ρm = g(1− 3w)ρmφ˙ , (2.9)
where w is the EOS parameter of matter fluid (w = 0 for
non-relativistic matter, and w = 1/3 for radiation).
The basic equations we will use many times in this
work are the equation of motion (2.6), the Friedmann
equation (2.8), and the energy equation of matter density
(2.9).
It is worth mentioning here that for radiation the en-
ergy is conserved because the electromagnetic field is con-
formally invariant. Thus, radiation still decreases with
the rate a−4 as the Universe expands. Because the cou-
pling constant, g, acts on only non-relativistic matter,
at late time, we ignore the radiation component in the
Universe.
In the next section we will find analytic solutions of
the D-BIonic and DBI theories.
III. ANALYTIC SOLUTIONS
Here we shall discuss some particular forms of f(φ)
and V (φ), i.e.,
f(φ) = ǫf0e
−µφ and V (φ) = V0e
−λφ .
We assume f0 > 0, V0 > 0. We also assume λ > 0 without
loss of generality (If λ < 0, redefining the scalar field as
φ→ −φ, we find our action.). The parameter ǫ = 1 gives
the DBI theory, while ǫ = −1 gives the D-BIonic theory.
4Since we are interested in the special form of the ki-
netic term in the D-BIonic or DBI theory, we look for
(asymptotic) solution with γ = γ0 = constant. This con-
dition leads to f(φ)φ˙2 = constant. From our ansatz of
the function f(φ), we solve for (asymptotic) solution of
the scalar field as
φ = − 2
µ
ln
(
t
t0
)
+ φ0 ,
where φ0 is the value of φ at t = t0. Taking derivatives
with respect to time, we find
φ˙ = − 2
µt
.
Clearly, φ˙ > 0 when µ < 0. This corresponds to the
scalar field motion rolling down the runaway exponential
potential. I
We assume that a scale factor increases as a power-law
expansion:
a = a0
(
t
t0
)p
.
This is natural because the kinetic term is proportional to
t−2. If we do not assume a power-law expansion, the ki-
netic term does not play any important role in the space-
time dynamics, and then it gives the same results as those
with the conventional canonical kinetic term.
Consequently, assuming that matter is given only by dust fluid (w = 0), the basic equations given in Sec. II B are
reduced to be
2
µt2
− 6p
γ20µt
2
− λV0
γ30
e−λφ0
(
t
t0
) 2λ
µ
− 2(γ0 + 2)(γ0 − 1)
µγ0(γ0 + 1)t2
= − g
γ30
ρm ,
p2
t2
=
1
3
[
4γ20
(γ0 + 1)µ2t2
+ V0e
−λφ0
(
t
t0
) 2λ
µ
+ ρm
]
,
ρ˙m +
3p
t
ρm = −2g
t
ρm .
The last equation is easily integrated as
ρm = ρ0
(
t
t0
)−q
,
where we define
q ≡ 3p+ 2g
µ
.
We then rewrite the basic equations as
V0e
−λφ0
(
t
t0
) 2λ
µ
=
−2µγ0[3p(γ0 + 1)− 2γ0] + g(3p2(γ0 + 1)µ2 − 4γ20)
µ2t2(γ0 + 1)(λ+ g)
, (3.1)
ρ0
(
t
t0
)−q
=
2µγ0[3p(γ0 + 1)− 2γ0] + λ(3p2(γ0 + 1)µ2 − 4γ20)
µ2t2(γ0 + 1)(λ+ g)
. (3.2)
Obviously, if either the term with V0 or another one with
ρ0 is dominant, we do not find any asymptotic solution
with our ansatz. In fact, if λ/µ > −1 or q < 2, at late
time we obtain V0 = 0 or ρ0 = 0, which does not give any
interesting solutions. Hence we consider the cases with
λ
µ
≤ −1 and q ≥ 2 .
For the case with λ/µ < −1 or q > 2, the potential
term or matter term does not contribute asymptotically
in the dynamics. Then we shall classify the (asymptotic)
solutions into the following four cases:
I. Both the potential term and the matter density do
contribute in the dynamics (λ/µ = −1 and q = 2),
II. The matter density does not contribute, but the po-
tential term does (λ/µ = −1 and q > 2),
III. The potential term does not contribute, but the mat-
ter density does (λ/µ < −1 and q = 2),
IV. Both the potential term and the matter density do
not contribute in the dynamics (λ/µ < −1 and q > 2).
In this text, we discuss only the case that the potential
plays an important role, i.e., the cases I and II. These
correspond to the scaling solution and the conventional
quintessence solution in the coupled quintessence model,
5respectively. In Appendix, we shall discuss the other two
cases (III and IV).
A. Case I : µ = −λ and q = 2
From the definition of q, we have
p =
2
3
(
1 +
g
λ
)
,
and using the equation of p, the full equations of (3.1)
and (3.2) solve as
V0e
−λφ0t20 =
4γ0
λ2(γ0 + 1)
− 2p+ 3p2 , (3.3)
ρ0t
2
0 = −
4γ0
λ2
+ 2p . (3.4)
Since γ0 contains e
−λφ0t20 as
γ0 =
1√
1− 4ǫf0
λ2e−λφ0 t2
0
,
substituting e−λφ0t20 into the Eq. (3.3), we obtain the
equation for γ0:
[3(1− ǫf0V0) + g(g + λ)]γ20
− 3γ0 − g(g + λ) = 0 , (3.5)
whose solution is given by
γ0 = γ
(±)
0 ≡
3±√D
2[3(1− ǫf0V0) + g(g + λ)] ,
where the discriminant D is defined by
D = 4g(g + λ)[3(1 − ǫf0V0) + g(g + λ)] + 9 .
D must be non-negative in order to find a real solution
for γ0. For the D-BIonic (ǫ = −1), it is always positive
definite, then the root for γ0 exists. For the DBI (ǫ =
+1), we find the condition as
f0V0 ≤ 1 + 1
3
g(g + λ) +
3
4g(g + λ)
. (3.6)
Since it turns out that γ
(−)
0 branch solution does not
give the accelerating Universe for both DBI and D-
BIonic, we then consider only γ
(+)
0 solution. For the DBI
case, we obtain the additional condition otherwise even
γ
(+)
0 gives the value smaller than 1
f0V0 < 1 +
1
3
g(g + λ) , (3.7)
This condition is tighter than the previous one (3.6), then
the condition (3.7) always gives the non-negative discrim-
inant.
From Eq. (3.4) and the equation of p, we find
ρ0t
2
0 =
4 [λ (g + λ)− 3γ0]
3λ2
,
this leads to the additional condition
λ (g + λ)− 3γ0 ≥ 0 . (3.8)
The above condition gives the constraint on the coupling
constant for the existence of the solution as
g ≥ gcr , (3.9)
with
gcr ≡ λ
2

−1 +
√(
1− 6
λ2
)2
+
12ǫf0V0
λ2

 .
In order to find an accelerating Universe, since
p =
2
3
(
1 +
g
λ
)
> 1 ,
we obtain
g >
λ
2
. (3.10)
Therefore, Eqs. (3.9) and (3.10) are the conditions of g
for realising the scaling solution I giving an accelerating
Universe. Eq. (3.9) gives the tighter condition for λ <
λcr, where λcr is given by
λ2cr ≡ 2
[
−(1− ǫf0V0) +
√
(1− ǫf0V0)2 + 3
]
,
while Eq. (3.10) gives the tigher condition for λ > λcr,
The EOS parameter of the scalar field is given by
wφ = −1 + 3γ0
3γ0 + g(g + λ)
.
We also introduce the effective EOS parameter weff by
weff ≡ −1− 2H˙
3H2
= −1 + 2
3p
.
The present solution gives
weff = − g
g + λ
.
The matter density and the scalar field density are
scaled in this solution. Then we can evaluate the asymp-
totic values of Ωm and Ωφ as follows:
Ωm =
λ(g + λ)− 3γ0
(g + λ)2
,
Ωφ =
g(g + λ) + 3γ0
(g + λ)2
.
We find the scaling solution I for accelerating Universe
by contributions from both potential and matter density,
which is given by γ
(+)
0 and p, with the constraints on g.
Note that there is another constraint (3.7) on f0V0 for
the DBI theory.
6B. Case II : µ = −λ and q > 2
In this case, the matter density does not contribute
the dynamics asymptotically, the basic equations for the
asymptotic solution (3.1) and (3.2) give Eq. (3.3) and
−2λγ0[3p(γ0 + 1)− 2γ0] + λ(3p2(γ0 + 1)λ2 − 4γ20) = 0 ,
which gives
p =
2γ0
λ2
, (3.11)
unless p = 0. Then we obtain from Eq. (3.3)
V0e
−λφ0t20 =
4γ20
λ4
[
3− λ
2
γ0 + 1
]
. (3.12)
Since we assume V0 > 0, we have a constraint
λ2 < 3(γ0 + 1) .
Using the definition of γ0, we eliminate e
−λφ0t20 in
Eq. (3.12), and we find the equation for γ0 as
3γ20 − λ2γ0 + λ2(1− ǫf0V0)− 3 = 0 . (3.13)
Then γ0 is given by
γ0 = γ
(±)
0
≡ λ
2
6

1±
√
1− 2(1− ǫf0V0)
(
6
λ2
)
+
(
6
λ2
)2 .
The existence of the real roots for this equation, we
find the condition such that(
λ2
6
)2
− 2(1− ǫf0V0)
(
λ2
6
)
+ 1 ≥ 0 .
For the DBI (ǫ = +1), this condition is always satisfied,
and then we can find the solution. On the other hand,
for the D-BIonic (ǫ = −1), we have the condition on λ
for the existence of the root. We find
λ2 ≥ λ2+ or λ2 ≤ λ2− ,
where
λ2± ≡ 6
[
1− ǫf0V0 ±
√
(1− ǫf0V0)2 − 1
]
.
Our ansatz q > 2 gives another constraint such that
3γ0 > λ(g + λ) ,
which is reduced to
g < gcr .
For the power of expansion, p, substituting γ0 into Eq.
(3.11), we find
p = p(±)
≡ 1
3

1±
√
1− 2(1− ǫf0V0)
(
6
λ2
)
+
(
6
λ2
)2 .
However, in order to obtain the accelerating Universe
(p > 1), only positive-branch (γ
(+)
0 and p
(+)) is possible.
We then find the condition for p > 1 is given by
3
(
λ2
6
)2
+ 2(1− ǫf0V0)
(
λ2
6
)
− 1 < 0 ,
i.e.,
0 < λ2 < λ2cr ,
where the critical value λcr is the same as the one defined
in the previous subsection. This condition always satis-
fies the constraint of λ2 ≤ λ2− for the D-BIonic. There-
fore, we have the accelerating Universe solution II with
γ
(+)
0 and p
(+), where there is the upper bound λ2cr.
Note that when ǫf0V0 = 0, we recover the conven-
tional acceleration condition in the quintessence model
such that λcr =
√
2. For the DBI theory, the constraint
becomes weaker (λcr >
√
2), while for the D-BIonic the-
ory, it becomes stronger (λcr <
√
2).
The EOS parameter of the scalar field in this case is
given by
wφ = −1 + λ
2
3γ0
.
When γ0 = 1, the wφ is the same as that in the
quintessence model [29].
C. The solution I or the solution II
Here first we summarise the above results in Table I and Fig 1.
7The solution I The solution II
Theory DBI (ǫ = 1) D-BIonic (ǫ = −1) DBI (ǫ = 1) D-BIonic (ǫ = −1)
γ0
3 +
√
4g(g + λ)[3(1− ǫf0V0) + g(g + λ)] + 9
2[3(1− ǫf0V0) + g(g + λ)]
λ2
6
+
√(
λ2
6
)2
− 2(1− ǫf0V0)
(
λ2
6
)
+ 1
p
2
3
(
1 +
g
λ
) 2γ0
λ2
g > gcr g < gcr
existence
f0V0 < 1 +
1
3
g(g + λ) — — λ2 > λ2+ or λ
2 < λ2−
acceleration g > λ
2
λ2 < λ2cr
stability g > gcr g < gcr
wφ −1 +
3γ0
3γ0 + g(g + λ)
−1 +
λ2
3γ0
weff −
g
g + λ
−1 +
λ2
3γ0
Ωm
λ(g + λ)− 3γ0
(g + λ)2
0
Ωφ
g(g + λ) + 3γ0
(g + λ)2
1
TABLE I: Two analytic solutions with µ = −λ in the D-BIonic and DBI theories with f = ǫf0e−µφ, V = V0e−λφ, and A = egφ.
gcr, λcr and λ± are defined in the text. The case I gives a scaling solution, in which the ratio of matter energy density to
the scalar field energy density is constant, while the scalar field energy becomes dominant in the case II solution. For the
accelerating universe, the existence condition coincides with the stability condition, which will be analysed in Sec IV.
(a) (b) (c)
FIG. 1: The existence regions of two accelerating solutions in the parameter space (λ, g) for (a) the D-BIonic (ǫ = −1) , (b) the
canonical kinetic term (ǫ = 0) and (c) the DBI (ǫ = 1) . We set f0V0 = 1. The light orange and light blue regions correspond
to the solutions of the case I and II, respectively. The red dashed curve denotes g = gcr, while the blue dot-dashed line shows
λ = λcr. The green curve gives Ωm = 0.3, while the black dashed lines denote wφ = −0.97,−0.95 and −0.9, respectively from
the above. The red solid lines denote p = 1.
If there is no matter coupling with the scalar field (g =
0), the solution II will be realised. When there exists the
coupling (g 6= 0), there are two solutions in the range of
λ < λcr. The question is which asymptotic solution is
8found, I or II ? We expect the case with the larger power
exponent of the cosmic expansion p will be realised [30].
For the solution II, the power exponent pII is given by
pII =
1
3

1 +
√
1− 2(1− ǫf0V0)
(
6
λ2
)
+
(
6
λ2
)2 ,
which depends on ǫf0V0 and λ, whereas for the solution
I is
pI =
2
3
(
1 +
g
λ
)
,
which is fixed by λ and g. So our conjecture is that
if pII > pI, then matter contribution is ignored, which
is a usual quintessence model with the DBI or D-BIonic
kinetic term, while when pII < pI, the existence of matter
assists the acceleration of the cosmic expansion. Even if
λ is too large to obtain a usual quintessence scenario, we
find the acceleration for
g >
λ
2
.
The critical value of the coupling constant g is obtained
by setting pI = pII, giving g = gcr with
gcr ≡ −λ
2

1−
√
1− 2(1− ǫf0V0)
(
6
λ2
)
+
(
6
λ2
)2 .
The critical value gcr is the same as that for the existence
obtained in the previous subsection. When g > gcr, the
power exponent of the solution I is larger than that of
the solution II. As we will see in the next section, the
stability condition is also the same. As a result, when
g > λ2 and g > gcr, we find the accelerated expansion of
the Universe assisted by matter fluid.
IV. STABILITY ANALYSIS
In order to confirm the expectations in Sec. III C, we
need to analyse the stability of those solutions I and II. In
this section we will use the dynamical system approach.
A. Dynamical System and Fixed points
Starting from the Friedmann equation (2.8), we obtain
the first constraint equation on this system:
Ωm = 1− x2 − y2 , (4.1)
where we introduce the following dimensionless variables;
x ≡ γ√
3(γ + 1)
φ˙
H
, y ≡
√
V√
3H
.
Instead of time derivatives, we use the derivatives with
respect to the e-folding number, N = ln a. We then
obtain the following autonomous equations:
dx
dN
=− 3
2
x
[
1
γ
(1 − x2) + y2
]
+
√
3(γ + 1)
2γ
[
λy2 − g(1− x2 − y2)] , (4.2)
dy
dN
=
3
2
y
[
1
γ
x2 + (1 − y2)
]
− λ
√
3(γ + 1)
2γ
xy . (4.3)
Since the variable γ is included in the above equations,
in order to close the system, we need the equation for γ,
which is given by
dγ
dN
=
(γ − 1)
√
3(γ + 1)
γx
×[
−
√
3(γ + 1)x− µx2 + λy2 − g(1− x2 − y2)
]
.
(4.4)
However, note that γ is described as
γ = 1 + ǫf0V0e
−(λ+µ)φx
2
y2
.
Hence when µ = −λ, γ is not the independent variable.
Eqs. (4.2) and (4.3) give a closed set of the dynamical
system.
By virtue of these dynamical variables, the cosmologi-
cal parameters are given by
Ωφ = x
2 + y2 ,
wφ =
x2 − γy2
γ(x2 + y2)
,
weff =
1
γ
(
x2 − γy2) .
We are interested in the fixed points (x, y) = (x0, y0)
with γ = γ0 = constant, which yields dγ/dN = 0. Since
γ > 0, we find the following two possibilities:
(i) γ0 = 1, this is the same as the coupled quintessence
with the conventional canonical kinetic term, which is
not our interest.
(ii) The intermediate value of γ0, i.e. 0 < γ0 < 1 for the
D-BIonic theory, while 1 < γ0 < ∞ for the DBI theory,
which is obtained from the condition such that the square
bracket in Eq. (4.4) is equal to zero. We find
γ0 = −1 + 1
3x20
[
λy20 − µx20 − g(1− x20 − y20)
]2
. (4.5)
Since γ0 = 1 does not give new solution, we will discuss
only the case (ii). By setting dx/dN = 0 and dy/dN = 0
with γ = γ0, we find fixed points (x0, y0) as shown in
Table II.
There are five fixed points, which satisfy the necessary
condition of y0 ≥ 0, whereas x can be positive or negative
depending on the sign of φ˙.
9x0 y0 solution
(1) −1 0 IV−
(2) 1 0 IV+
(3) −
g
√
3(1+γ0)
3
0 III
(4) λ√
3(1+γ0)
√
1− λ2
3(1+γ0)
II
(5)
√
3γ0√
1+γ0(g+λ)
√
3γ0+(1+γ0)g(g+λ)
(1+γ0)(g+λ)2
I
TABLE II: Five fixed points.
We expect that these fixed points correspond to the
(asymptotic) analytic solutions given in the previous sec-
tion and Appendix B. We shall describe each point in the
following:
1. Fixed points (1) and (2)
The simplest fixed points are given by
(1) (x0, y0) = (−1, 0) ,
(2) (x0, y0) = (1, 0) .
From Eq. (4.5), we obtain
γ0 =
µ2 − 3
3
,
and the cosmological parameters as
Ωφ = 1 ,
Ωm = 0 ,
wφ =
1
γ0
,
weff =
1
γ0
.
Thus, the fixed points (1) and (2) correspond to the
asymptotic solution IV± given in Appendix B. Since this
solution does not give an accelerating Universe, we will
not analyse the stability, although we expect it is unsta-
ble unless V0 = 0 [28].
2. Fixed point (3)
Next simple fixed point is found as
(3) (x0, y0) =
(
−g
√
3(1 + γ0)
3
, 0
)
.
From Eq. (4.5), we obtain
γ0 =
g(µ− g)
3− g(µ− g) ,
and the cosmological parameters as
Ωφ =
g2(1 + γ0)
3
,
Ωm =
3− g2(1 + γ0)
3
,
wφ =
1
γ0
,
weff =
g2(1 + γ0)
3γ0
.
Then, the fixed points (3) corresponds to the asymptotic
solution III discussed in Appendix B. Since this solution
does not give an accelerating Universe either, we will not
analyse the stability. (In this case, we also expect the
fixed point is unstable [28]).
3. Fixed point (4)
One interesting fixed point is given by
(4) (x0, y0) =
(
λ√
3(1 + γ0)
,
√
1− λ
2
3(1 + γ0)
)
.
From Eq. (4.5), we find
µ = −λ .
By using the definition of γ and the above relation, we
have
γ =
ǫf0V0x
2 + y2
y2
. (4.6)
Substituting x0 and y0 of the fixed point (4) in Eq. (4.6),
we obtain the equation for γ0 as
3γ20 − λ2γ0 + (1 − ǫf0V0)λ2 − 3 = 0 .
This is Eq. (3.13) of the solution II as we expect. γ0 is
given by
γ0 =
λ2
6

1 +
√
1− 2(1− ǫf0V0)
(
6
λ2
)
+
(
6
λ2
)2 .
Only the larger root of the solutions is chosen because it
gives the accelerated expansion (p > 1).
The cosmological parameters also confirm that there
is no contribution from matter density at the fixed point
(4).
Ωφ = 1 ,
Ωm = 0 ,
wφ = −1 + λ
2
3γ0
,
weff = −1 + λ
2
3γ0
.
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The fixed point (4) is the same as the point (C4) in
Ref. [28].
4. Fixed point (5)
The last fixed point gives another interesting solution:
(5)
(x0, y0) =
( √
3γ0√
1 + γ0(g + λ)
,
√
3γ0 + (1 + γ0)g(g + λ)
(1 + γ0)(g + λ)2
)
.
In the similar way as the fixed point (4), we also have
µ = −λ in this solution from Eq. (4.5), and then we
obtain from Eq. (4.6) the quadratic equation for γ0 as
[3(1− ǫf0V0) + g(g + λ)]γ20 − 3γ0 − g(g + λ) = 0 .
This is the sams as Eq. (3.5) which is found in the solution
I. The solution is.
γ0 =
3 +
√
4g(g + λ)[3(1− ǫf0V0) + g(g + λ)] + 9
2(3(1− ǫf0V0) + g(g + λ)) .
We choose only larger root because of the same reason
as the previous subsection.
The cosmological parameters are
Ωφ =
g(g + λ) + 3γ0
(g + λ)2
, (4.7)
Ωm =
λ(g + λ)− 3γ0
(g + λ)2
, (4.8)
wφ = − g(g + λ)
3γ0 + g(g + λ)
, (4.9)
weff = − g
(g + λ)
. (4.10)
This is the scaling solution as we have seen in the solution
I.
The fixed point (5) is the extension of the fixed point
(C5) in Ref. [28]. In fact, it is the same as the fixed point
(C5) when there is no coupling (g = 0).
Next, we will analyse the stability of the fixed points
(4) and (5) (the solutions I and II).
B. Linear stability
Substituting Eq. (4.6) into Eqs. (4.2) and (4.3) , we
obtain the autonomous system only for x and y:
dx
dN
= F (x, y) ,
dy
dN
= G(x, y) .
Considering linear perturbations
(
x
y
)
=
(
x0 + δx
y0 + δy
)
,
we find
d
dN
(
δx
δy
)
=M0
(
δx
δy
)
,
where
M0 =

∂F∂x
∣∣∣
0
∂F
∂y
∣∣∣
0
∂G
∂x
∣∣∣
0
∂G
∂y
∣∣∣
0

 .
Each component of the matrixM is given by
∂F
∂x
∣∣∣
0
=
1
2x0γ20
√
1 + γ0
{
3x0
√
1 + γ0
[
γ0 − 2 + (γ0 + 2)x20 − γ20y20
]
+
√
3
[
(γ0 − 1)(γ0 + 2)(g − (g + λ)y20) + (γ20 + γ0 + 2)x20
] }
,
∂F
∂y
∣∣∣
0
=
1
2y0γ20
√
1 + γ0
{
6x0
√
1 + γ0
[
(γ0 − 1)(x20 − 1)− γ20y20
]
+
√
3
[
g(γ0 − 1)(γ0 + 2)(x20 − 1) + (g + λ)(3γ20 + 3γ0 − 2)y20
]}
,
∂G
∂x
∣∣∣
0
=
y0
γ20
√
1 + γ0
(
3x0
√
1 + γ0 −
√
3λ
)
,
∂G
∂y
∣∣∣
0
=− 3
2γ20
[
(2 − 3γ0)x20 + 3γ20y20 − γ20
]−
√
3λ(γ20 + γ0 − 1)
γ20
√
1 + γ0
x0 .
Setting
δx, δy ∝ eωN ,
we find the quadratic equation for the eigenvalues ω of
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the matrixM0. If both eigenvalues are negative (or real
parts are negative for complex eigenvalues), the fixed
point is stable against linear perturbations.
1. Fixed point (4)
For the fixed point (4), we find two real eigenvalues of
the matrixM0 as
ω1 = −3 + λ
2
2γ0
, ω2 = −3 + λ(g + λ)
γ0
.
In order for the fixed point to be stable, both eigenvalues
must be negative, which condition requires
λ2 < 6γ0 and λ(g + λ) < 3γ0 .
The first condition is always true when we choose γ
(+)
0
for the accelerating universe solution. While, the second
condition gives
g < gcr .
This confirms our anticipation in the previous section
that we must impose the condition g < gcr in order to
obtain the stable solution of II. The solution II in the
light blue region in Fig. 1 is stable.
2. Fixed point (5)
In the similar way as the fixed point (4), the eigenval-
ues of the fixed point (5) are obtained as
ω± =
−3γ3/20 (2g + λ)±
√
D
4γ
3/2
0 (g + λ)
.
with
D ≡ 9γ30(2g + λ)2
+ 24[3γ0 + 2g(g + λ)][3γ0 − λ(g + λ)]]
From the condition (3.8) of the solution I ,
D ≤ 9γ30(2g + λ)2 .
Hence if D ≥ 0, √D is always smaller than 3γ3/20 (2g +
λ). Thus, we find ω± ≤ 0. Consequently the solution
is stable. When D < 0, the square root term
√
D is
pure imaginary, then Re(ω±) < 0. It guarantees that
the solution is again stable (with spiral trajectories). We
also find the marginal stable condition ω+ = 0 when
3γ0 − λ(g + λ) = 0, which corresponds to ρ0 = 0, i.e.,
g = gcr. This gives the boundary of the stable region in
the parameter space. As a result, the solution I in the
light orange region in Fig. 1 is always stable.
C. Non-linear stability
In order to see whether the stable solutions are natural
or not, we have to study not only the linear stability but
also the global (or non-linear) stability. Here we solve the
basic equations numerically and show those fixed points
are globally stable.
(a) λ = 0.5
(b) λ = 1.6
FIG. 2: The trajectries of numerical solutions of the au-
tonomous equations and fixed points for the D-BIonic gravity
theory. The black thick curve denotes the limiting condi-
tion of Ωm = 0 and the black dashed lines correspond to the
boundaries of γ = 0. We choose g = 1, and ǫf0V0 = −1.
(a) The top figure shows that the trajectories of the solutions
converge to the fixed point (x0, y0) = (0.206, 0.978), which is
the fixed point (4) with Ωm = 0 (the solution II). (b) For
the bottom figure, the trajectories converge to another stable
fixed point (x0, y0) = (0.378, 0.758) which is the fixed point
(5) with Ωm = 0.28 (the solution I).
In Fig 2, we present some examples for the D-BIonic
theory. We choose g = 1 and ǫf0V0 = −1, giving
λcr = 1.14. In Fig 2 (a), we show the case of λ = 0.5,
which is g < gcr = 5.23. The trajectories of the numeri-
cal solutions show that they converge to the stable fixed
point (x0, y0) = (0.206, 0.978) with γ0 = 0.96, which is
the fixed point (4) (the solution II). The black thick curve
denotes the limiting condition of Ωm = 0 found by (4.1)
and the black dashed lines correspond to the boundaries
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of γ = 0 given by the definition (4.6).
In Fig 2 (b), we depict the trajectories of the solutions
for the case of λ = 1.6, which satisfies λ > λcr as well as
λ < 2g. The trajectories converge to another stable fixed
point (x0, y0) = (0.378, 0.758) with γ0 = 0.75, which is
the fixed point (5) (the solution I). In this case we find
the asymptotic value of Ωm = 0.28(6= 0).
We also present the time evolution of the density pa-
rameters Ωm and Ωφ for the solution I in Fig. 3. For
the case II, we expect those values approach to 0 and 1.
But the case I shows those asymptotic values are some
intermediate values between 0 and 1. Since the present
observational values show the latter case, if we select the
case II, we may need to fine-tune the present time to
explain the observed values (the coincidence problem).
On the other hand, when we adopt the case I, we may
explain the observed values just by the asymptotic ones.
We need not to fine-tune the present time.
FIG. 3: The time evolution of the density parameters Ωm
and Ωφ in terms of the red shift z. We choose λ = −µ = 1.6,
ǫf0V0 = −1 and g = 1 just as Fig. 2 (b). The values approach
(Ωm,Ωφ) = (0.28, 0.72) at the fixed point (5) (the solution I).
V. OBSERVATIONAL CONSTRAINTS
In this section, we study whether we can explain the
coincidence problem of dark energy and dark matter or
not. We assume that the Universe at present is described
by the scaling solution I.
From observations, we have the constraints on the cos-
mological parameters as wDE = −0.97 ± 0.05, ΩDE =
0.692± 0.012, and ΩCDM+B = 0.308± 0.012 [31].
As for the constraint on the coupling constant g, it
was shown |g|<∼ 0.13 from the CMB observation [32]. Al-
though our model is different from theirs (the type II
tracking solution with the canonical kinetic term), we ex-
pect the coupling constant is not so large. Here we then
assume the upper bound value on g, i.e., g ≈ 0.1. From
the EOS parameter of dark energy, it gives the strong
constraint on γ0 as follows: γ0 of the solution I is given
by
γ0 = −g(g + λ)(1 + wφ)
3wφ
. (5.1)
Since the acceleration condition is λ < 2g, we find
γ0<∼ 3× 10−4 ≪ 1 . (5.2)
Obviously, ǫ must be negative (ǫ = −1), and then only
the D-BIonic theory can provide such a solution. The
condition (5.2) yields very large value of f0V0. In fact,
assuming f0V0 ≫ 1, we find from Eqs. (3.5) and (5.1)
f0V0 ∼
3w2φ
g(g + λ)(1 + wφ)2
>∼ 105 . (5.3)
Note that there is no upper bound on f0V0 in the D-
BIonic theory unlike Eq. (3.7) in the DBI case.
In addition to the above cosmological constraint, we
have another constraint for the screening at smaller scale.
According to [16], the solar system constraints on the D-
BIonic theory is
√
gΛ . 4× 10−5 eV ,
where Λ is a typical mass scale of the screening and de-
fined by the action (A1) in Appendix A. Comparing our
exponential form of f(φ) to the original paper of the D-
BIonic theory, we obtain
|f(φ)| = f0e−µφ0 = Λ−4>∼ 3.9× 1015 eV−4 , (5.4)
for g = 0.1. Since we assume that the scalar field is the
source of dark energy, we get
ρDE = ρφ =
γ20
γ0 + 1
φ˙|20 + V (φ0) ≃ V (φ0) ,
where we have used the fact that the kinetic term is very
small because γ0 ≪ 1. As for the potential of the scalar
field, from observations we have constraint as
V (φ) = V0e
−λφ0 ≈ 2.6× 10−47GeV4 . (5.5)
The multiplication of Eqs. (5.4) and (5.5) gives
f0V0 ≈ 1.0× 105 .
Surprisingly, this is the same order of magnitude in order
to satisfy the coincidence problem discussed above.
In Fig. 4, we present the parameter space (λ, g) where
we may find the solution for the dark energy problem.
Using f0V0 = 10
5, λ = 0.05, and g = 0.1, which is
shown by the red circle in Fig. 4, we obtain
Ωφ ≈ 0.697 ,
Ωm ≈ 0.303 ,
wφ ≈ −0.96 .
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FIG. 4: The existence regions of two accelerating solutions I
and II, in the parameter space (λ, g) for the D-BIonic (ǫ =
−1). We set f0V0 = 105. The red dashed curve (g = gcr)
and the blue dot-dashed line (λ = λcr) are almost the same.
The green curve denotes Ωm = 0.3, while the black dashed
lines give wφ = −0.97,−0.95 and −0.9, respectively from the
above. The red solid lines denote p = 1. The red circle
corresponds to the parameters we adopted (λ = 0.05, g = 0.1).
These are dark energy density, dark matter density, and
the EOS parameter of dark energy of the Universe today.
Note that the eigenvalues of this fixed point is
ω± ≈ −1.25± 3.415× 104 i ,
and then this solution is of course stable. This also shows
the typical time scale to approach the solution I is one
e-folding time. This means that by the D-BIonic gravity
theory we may be able to solve the coincidence prob-
lem, which is difficult to realise in the original coupled
quintessence model.
VI. CONCLUSIONS
In this work, we study the cosmological dynamics of
the D-BIonic and DBI scalar field coupled with matter
fluid. We assume the exponential forms for the potential
and the coupling functions. We find two interesting ana-
lytic solutions of the D-BIonic theory as well as the DBI
theory, which describe the accelerated expansion of the
Universe. One is similar to the conventional quintessence
in the DBI theory, and the scalar field energy density be-
comes dominant. The other one is a new scaling solution
because it is found from non-canonical kinetic term as
well as the matter coupling term. This gives non-zero
density parameter Ωm, whose value depends on the cou-
pling constants. For the original coupled quintessence
model, although we have a solution that may solve the
coincidence problem, there is some difficulty such that
it requires a large coupling constant between dark en-
ergy (scalar field) and matter fluid, which is inconsis-
tent with observational data from CMB. However, in the
case of the D-BIonic theory, we find a successful coupled
quintessence model by use of a newly found scaling solu-
tion with small coupling constant g. This may naturally
solve the coincidence problem as well because the density
parameter Ωm is the value of the attractor solution. The
solution is expected to satisfy the observational data of
the Universe for dark energy as well as the solar system
constraint for the screening. We find that the D-BIonic
can solve both the dark energy problem and the coinci-
dence problem.
Finally, since our analysis is only the background be-
haviour of the Universe, we have to analyse the details
furthermore, including the evolution of density perturba-
tions as well as the CMB data, in order to confirm our
model. Furthermore this work has been based on expo-
nential forms of the inverse D3-brane-like tension f(φ),
the potential term V (φ), and the conformal factor A(φ),
which can be extended to be power-law functions. We
leave them for future works.
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Appendix A: D-BIonic screening mechanism
The D-BIonic screening mechanism is obtained from
the Dirac-Born-Infeld (DBI)-like action:
Sφ =
∫
d4x
√−g
[
Λ4
(√
1− Λ−4(∂φ)2 − 1
)]
, (A1)
where Λ is a characteristic mass scale. The overall sign in
above action has been flipped from the original DBI ac-
tion, which is necessary to obtain a screening mechanism.
This theory does not contain ghosts because the kinetic
term still has a correct sign. We assume that the scalar
field couples conformally to matter fluid. The equation
of motion of the scalar field is given by
∇µ
(
∇µφ√
1− Λ−4(∂φ)2
)
= − g
MPL
T (m) , (A2)
where g is a dimensionless coupling constant, MPL is the
reduced Planck mass, and T (m) is the trace of matter
energy momentum tensor. The above equation can be
divided into a linear term and a non-linear term, which
leads to a screening mechanism as we mentioned. For
a static point source at the origin, T (m) = −Mδ(~x) (M :
the mass of the point source), under the static and spher-
ically symmetric assumptions, we find a solution as
dφ
dr
=
Λ2√
1 + (r/r∗)4
,
where
r∗ ≡ 1
Λ
(
gM
4πMPL
)1/2
,
which gives a typical length scale just like the Vainshtein
radius. This radius is proportional to M1/2, whereas the
Vainshtein radius is proportional to M1/3. Deep inside
this radius r≪ r∗, the solution becomes
dφ
dr
≃ Λ2 ,
then the fifth force comparing to the Newtonian force is
Fφ/FN ≃ 2g2
(
r
r∗
)2
≪ 1 ,
where
Fφ = − g
MPL
dφ
dr
,
FN = − M
8πM2PL r
2
.
Thus, the force is screened and Newtonian gravity is re-
covered. On the other hand, far from the source r ≫ r∗,
we find the solution as
dφ
dr
≃ Λ2
(r∗
r
)2
,
which gives
Fφ/FN ≃ 2g2 .
Therefore, the fifth force is unscreened at large distance.
Appendix B: Other Analytic Solutions
In this appendix, we present the other analytic solu-
tions for the case III and IV.
1. Case III : λ/µ < −1 and q = 2
In this case, we find from Eqs. (3.1) and (3.2)
−2µγ0[3p(γ0 + 1)− 2γ0] + g[3p2(γ0 + 1)µ2 − 4γ20 ] = 0 ,
ρ0t
2
0 =
1
µ2(γ0 + 1)[λ+ g]
× {2µγ0[3p(γ0 + 1)− 2γ0] + λ(3p2(γ0 + 1)µ2 − 4γ20)} ,
and we obtain from the definition of q
p =
2
3
(
1− g
µ
)
.
These equations provide the value of γ0 as
γ0 =
g(µ− g)
3− g(µ− g) ,
which turns out that γ0 is negative because µ < 0 (we
choose λ > 0). Then we do not have a solution in this
case unless V0 = 0. If there is no potential, µ can be
positive, and then the above solution solves our basic
equations. Actually, in this case, we can find an exact
solution where the matter and kinetic term of the DBI
field scales, which is the extension of the solution found in
[28] to include the effect of matter coupling. Regardless
of this, since this does not give an accelerating Universe,
we do not consider this solution any more in this paper.
2. Case IV : λ/µ < −1 and q > 2
From Eq. (3.1) and (3.2), at late time we find two
equations:
− 2µγ0[3p(γ0 + 1)− 2γ0] + g[3p2(γ0 + 1)µ2 − 4γ20 ]
= 0 ,
2µγ0[3p(γ0 + 1)− 2γ0] + λ[3p2(γ0 + 1)µ2 − 4γ20 ] = 0 .
Then, we find
p2 =
4γ20
3(γ0 + 1)µ2
,
p =
2γ0
3(γ0 + 1)
.
These equations give
p =
2
3
(
1− 3
µ2
)
,
γ0 =
µ2 − 3
3
,
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from which we obtain
φ0 = − 1
µ
ln
µ4(µ2 − 6)t20
4ǫf0(µ2 − 3)2 .
Since γ0 > 0, µ
2 must be larger than 3. We also find
(i) µ2 > 6, and then 1/3 < p < 2/3 for the DBI theory,
whereas
(ii) 3 < µ2 < 6, and then 0 < p < 1/3 for D-BIonic
theory.
In both cases, since p < 2/3, we cannot find the accel-
erating expansion. Note that the EOS parameter of the
scalar field is
wφ ≡ Pφ
ρφ
=
1
γ0
,
which is positive definite. For the D-BIonic theory, wφ >
1, which gives a “supersonic” flow. It is why we find
p < 1/3.
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